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Abstract

On Abstract Witt Rings and Quadratic Extensions
by

Jiajie Luo

The Witt ring of a field gives the structure of the isometry classes of quadratic forms
over that field. In particular, the Witt ring provides an algebraic invariant for fields away
from characteristic 2, which also allow us to study the orderings we can put on that field.
During the latter quarter of the 20th century, abstract Witt rings, a wider class of rings
that had the structure of a Witt ring but constructed independently from fields, were
introduced. In this thesis, we will use what is known about the structure of Witt rings
over quadratic extensions of fields in order to come up with an analog that extends over

to abstract Witt rings.

vi



Contents

1 Introduction

2 Background
2.1 Preliminary Definitions . . . . . . . . . . ... ... L
2.2 BasicResults . . . .. ..
2.3 The Witt Ring over Fields . . . . . . . . ... ... ... .. .......
2.4 The Abstract Witt Ring . . . . . . . ... ... ... ... ...
2.5 Building up Bigger Abstract Witt Rings . . . . . . ... ... ... ...
2.6 Witt Ring of Algebraic Extensions . . . . .. ... ... ... ......

2.7 Formulating our Problem . . . . . . .. .. ... o000

3 A Motivating Example
3.1 Field of Laurent Series . . . . . . . . ... ... ...
3.2 Taking the Square Rootof ¢ . . . . . . . . .. .. ... ... .......

3.3 Generalizing the Previous Finding . . . . . . .. .. ... ... ... ...

4 Another Motivating Example
4.1 Taking therootof By . . . . . . . . . .. .
4.2 Taking the root of 5182 . . . . . . . . .

5 Generalizing the Previous Findings

51 The Caseof n=2 . . . . . . . . . .

S kW W

10
10
12

14
14
15
16

19
19
21

24



5.2 Taking the squareroot of By . . . . . . . . ... ..o 25

5.3 Taking the square root of B« fBp_1(==0n) - - - - o o o 27
5.4 Taking the square root of 5y ---fx, fork<mn . . . . . ... .. ... ... 29
5.5 Taking the square root of By~ B, (=—=1) . . . ... ... ... ... .. 33
5.6 One Ring (Isomorphism) to Rule Them Al . . . .. .. ... ... ... 34
Rings of the form R[] R, 35
6.1 The general case of Ry = [}, Zand Rp =[[;2,Z. . . .. ... ... .. 35
6.2 The case of Z[Ao| [1Z][As] . . . .« « o oo 36
6.3 The general case of Z[A,|[[Z[An], where n,m >1 .. . . ... ... .. 39
6.4 The General Case of R=R1[[R2 . . . . .« .. .. ... 43
6.5 Settling an Edge Case . . . . . . . ..o 48
6.6 TheCaseof Sy =1 . . . . . . . . . . . . 50
Future Directions 52
7.1 Witt Rings of Local Type . . . . . . . . . . .. ... .. ... ..... 52
7.2 Uniqueness of Quadratic Extension . . . . ... ... ... ... ..... 53
7.3 Relation to Profinite Groups . . . . . . . . . . ... ... ... ... ... 53

viil



Chapter 1

Introduction

The theory of quadratic forms has been studied since antiquity. Indeed, there have been
Babylonian tablets tracing back the second millennium BC mentioning integer solutions
to certain quadratic forms. More recently, the study of quadratic forms has been hugely
motivated by number theory, including the study of diophantine equations and lattices
over 7.

The algebraic theory of quadratic forms was largely pioneered by Ernst Witt in the
1930s. Witt introduced the study of quadratic forms over arbitrary fields, not necessarily
that of number theoretic origin. Among his contributions included the development of
the Witt ring of fields, which will be an important topic later discussed in this thesis.

Much of what Witt built went dormant for many years until a series of paper by
Albreich Pfister in the 1960s led to a resurgence in the topic. In the 1970s, the idea
of an abstract Witt ring was introduced by Manfried Knebusch, Alex Rosenberg, and
Roger Ware, which axiomatically gave the structure of Witt rings independently from
fields. This abstract theory, which encompassed the theory of quadratic forms over fields,
was later developed by Murray Marshall. Marshall was also motivated by the space of
orderings, which he introduced as a generalization of the quadratic form theory over fields.

In fact, there is a correspondence between abstract Witt rings and spaces of orderings.



T. Y. Lam’s book, Quadratic Forms over Fields, discusses the theory of Witt rings
over quadratic extensions of fields. In particular, a sequence of Witt rings (viewed as
modules) is presented, which satisfies the condition of reciprocity. In this thesis, we will
explore the analog of Witt rings of quadratic extensions in the abstract setting. Namely,
we want our “quadratic extensions” to behave in the way prescribed for the field case.

One important motivation for abstracting the Witt ring of a quadratic field extension
is to help relate abstract Witt rings with pro-2 Galois groups. Given a field F', and
its quadratic closure F,, one can determine Gal(F,/F) from the structure of W (F).
From this, given F” in between F' and F, (ie. F' C F' C F,), we can compute W (F"),
from which we can determine Gal(F,, F'). By understanding the analog of ‘quadratic
extensions’ of abstract Witt rings, we are able to determine the analog of the profinite

2-groups associated with abstract Witt rings.



Chapter 2

Background

In this section, we will go over the background information, given by Lam [3] and Marshall

[4].

2.1 Preliminary Definitions

Let F be a field of characteristic not equal to 2.

Definition 2.1.1. A quadratic form, f : F" — F, of dimension n over F is a
second-degree homogeneous polynomial, of the form f = >  a;jz,x;, where a;; € F.
1<i<j<n

f is isotropic if there is some nonzero x € F™ such that f(x) = 0, otherwise, f is

anisotropic.

Definition 2.1.2. For a nonzero f, we say that y € F* is represented by f if there
is some © € F™ such that f(x) =y, and we denote D(f) as the elements in F that are

represented.

Definition 2.1.3. We say two forms f and g of the same dimension are tsometric
if f(z) = g(T(x)), for some isomorphism T : F™ — F™, where n is the dimension of f

and g.



Remark 2.1.1. If f and g are isometric, then D(f) = D(g).

We may also view quadratic forms in terms of matrices. Given a quadratic form

f= > a;xz; of dimension n, we form the n x n matrix M, such that
i<i<j<n

(Mf)lj - laij 1 <] :

It can be easily seen that M, will always be symmetric, and it is clear how to recover
f from Mjy. In fact, given any n x n symmetric matrix M, we can find a unique corre-

sponding quadratic form of degree n given by
fu(x) = cMa”
where z is viewed as a row vector.

Definition 2.1.4. The discriminant of f is defined as disc(f) = det(My). We say

that f is degenerate if disc(f) = 0. Otherwise, f is nondegenerate.

Remark 2.1.2. There is a one-to-one correspondence between symmetric matrices over

F' and quadratic forms.

From here on out, we assume our quadratic forms are all nondegenerate.

2.2 Basic Results

In this section, we will go over some standard basic results.

Theorem 2.2.1. All quadratic forms can be diagonalized. That is, any

_ _ n
quadratic form f is isometric to some form f where f = ajx?. In this case, we note
j=1
that My is a diagonal matriz.



From here on out, we will represent the isometry classes of nondegenerate quadratic

n
forms by a diagonalized representative. Notationally, we refer to the form ajx? as
j=1
<Cl1, ag, - 7an>-

Theorem 2.2.2.
1. f=2g = dim(f) = dim(g) and disc(f) = disc(g) mod F*?
2. f=g = af = ag for every a € F*.
3. {arb?, - anb?) = {ay, - a,).
4. For any permutation m € Sy, (a1, ,an) = (A1), , Un(n))-

5. ]f <a'17"' 7ak> = <b1a"' 7bk> and <ak+17"' aan> = <bk+17"' 7b7’b>7
then {ay, -+ ,a,) = (by, -+ ,by).

The following lemma characterizes isometry of one dimensional and two dimensional

forms:
Lemma 2.2.1. Let a,b,c,d € F*. Then
1. {a) = (b) if and only if a = b mod F**

2. (a,b) = {c,d) if and only if ab = cd mod F** and there are x,y € F such that

c = ax®+ by
Theorem 2.2.3. The form (1, —1) is universal. That is, D({1,—1)) = F.

This can be easily seen, as for any a € F, we can find x,y € F such that xt —y =1
and x + y = a, which would mean z? — 3* = a.

As a consequence of some of the above theorems, we have the following result:

Corollary 2.2.1. For any a € F*, (a,—a) = (1,—1).

ot



We now discuss the relation of the form (1, —1) to isotropic forms.

Theorem 2.2.4. Forn > 3, f = (ay,--+ ,a,) is isotropic, if and only if there ezists

bs, -+ , by, such that f = (1,—1,bs,-- ,by,).

We denote (1, —1) by H, which we call the hyperbolic form. This form has an impor-
tant role in the theory of quadratic forms, as it plays the role of 0 in the Witt ring.
Now, we state Witt’s Cancellation Theorem, which is central in the development of

the Witt Ring.

Theorem 2.2.5 (Witt’s Cancellation Theorem). Suppose

(ay--+ ,an) = (b1, -+ ,by) and a; = by. Then {(as--- ,a,) = (ba, -+ ,by).

2.3 The Witt Ring over Fields

In this section, we show the construction of the Witt ring over a field F'.
Let M(F) be the set of isometry classes of nondegenerate forms over F. As before,

we represent our isometry classes with diagonal representations.

Definition 2.3.1. Given quadratic forms f = (a1, -+ ,a,) and
g= (b1, -+ ,bn), the perpendicular sum (also known as the direct sum) of f and g,
denoted as f L g = (a1, ,an,b1, -+ ,by). The tensor product of f and g is given

by f®g = <albla"' >a1bn7"' >anb17"' 7anbm>~
Lemma 2.3.1. With L as addition and ® as multiplication, (M (F'), L, ®) is a semiring.

It is easy to see that M (F') does not form a group under addition, since additive

~

inverses don’t exist. To remedy this, we construct the Witt-Grothendieck ring, W (F') by

using the classical construction due to Grothendieck.



Definition 2.3.2. Let ~ be an equivalence relationship on M(F) x M(F'), where (f,g) ~
(f',g)if f Lg = f L g (the congruence here is isometry). The Witt-Grothendieck
ring of F, W(F), is defined as M(F) x M(F)/ ~.

We note that an elements of W(F), (f,g), can be thought of as f — g. We can make

the identification of M(F) < W (F) by f — (f,0).

Theorem 2.3.1. We define the Witt Ring of F by W(F) = W(F)/(H), where H is

the hyperbolic form.

Remark 2.3.1. We note that in W(F'), —(a) = (—a).

2.4 The Abstract Witt Ring

Let us now discuss the abstract Witt ring, a generalization of Witt rings over fields.

Definition 2.4.1. Let G is an abelian 2-group (ie. x*> =1 for all x € G) and Q be a
pointed set with distinguised point denoted 0. Then q : G X G — @ is a quaternionic

pairing if it is a surjective mapping satisfying

Q1: (Symmetry) q(a,b) = q(b, a)

Q2: qla,—a) =10

Q3:  (Weak Bilinearity) q(a,b) = q(a,c) if and only if g(a,bc) = 0

Q4: (Linkage) If q(a,b) = q(c,d), then there’s some x € G such that q(a,b) = q(a, )

and q(c,d) = q(c, ).

We define such a triple (G,Q,q) as a quaternionic structure (Q-structure for

short).

The following consequences arise as a result of these axioms:



Lemma 2.4.1. For all a,b € G, we have
1. ¢(a,1) =0
2. q(a,a) = q(a, —1)
3. q(a,—ab) = q(a,b)

We in fact have a theory of quadratic forms associated for Q-structures that mirror

the theory of quadratic forms over fields.

Definition 2.4.2. Given a Q-structure (G, Q,q), a quadratic form of dimension n over
G is an n-tuple f = (ay,- - ,a,), where a; € G. The discriminant of f = {(ay,--- ,a,) is

disc(f) =ay---ay,.

As before we refer to (1, —1) as the hyperbolic form.

We now define isometry as follow:
Definition 2.4.3. Two forms are n dimensional forms are tsometric if
1. Forn =1, we say that {(a) = (b) if and only a = b.
2. Forn =2, we say that (a,b) = (c,d) if and only if ab = cd and q(a,b) = q(c, d).

3. Forn > 2, isometry is inductively defined by (ay,--- ,a,) = (b1, -+ ,b,) if and only
iof there’s a,b,cs3,- - ,c, € G such that
<Cl2,"' >an> = <G,Cg,"' 7Cn>7 <b27"' 7bn> = <b7037"' 7Cn>; and

<CL1, a> = <bl, b>
As before, isometry can be shown to be an equivalence relation.
Remark 2.4.1. These properties are shown to hold for the field case.

Much of the relevant results made about quadratic forms over fields can be ported over
to the setting of quadratic forms over Q-structures. Here are some relevant definitions

and results that are analogous to Witt rings over fields.
8



Definition 2.4.4. We say that a form f represents x € G if there are x5, -+ ,x, € G

such that f = (x,x9, -, Ty,).
We also have an analogous notion of isotropy, with (1, —1) being our hyperbolic form:

Definition 2.4.5. We say a form f is isotropic if f = (1,—1) L g, for another form

g. Otherwise, [ is anisotropic.
In particular, we have an analog on Witt cancellation:

Theorem 2.4.1 (Witt’s Cancellation). Given forms f,g,q" over G, we have g = ¢’ if and

only if f L g = f L g. In fact, given f, f',qg,9" where f = f', we have f{f L g = f" 1 ¢'.

Here, 1 is exactly what it was in the field case. In fact, we can define addition and
multiplication of quadratic forms over (G, @, q) the same way it was defined for quadratic
forms over a field. Now that we have a notion of quadratic forms and isometries, the
(abstract) Witt ring over (G, @, q) can be constructed the same way it was for quadratic

forms over fields.

Proposition 2.4.1. If we define G(F) = F*/F**, Q(F) as the set of quadratic forms
over F' that are of the form (1,—a,—b,ab), and qr : G X G — Q by

qr(a,b) = (1,—a,—b,ab), then the abstract Witt ring over (G(F),Q(F),qr) is ezxactly

Remark 2.4.2. Given a Q-structure (G, Q,q), and its abstract Witt ring R, we will refer

to G (which we may also denote S(R)) as the square class group of R.



2.5 Building up Bigger Abstract Witt Rings

We will now discuss how to build abstract Witt rings from existing ones.
The first construction is to use the direct product in the category of abstract Witt

rings.

Definition 2.5.1. Let Ry and Ry be abstract Witt rings. Then the fiber product over
Z/27 is given by

Ry [] R ={(a.b)la € Ry,b € Ry, dim(a) = dim(b) mod 2}.
Z/2Z

We can extend this definition for an arbitrary number of abstract Witt rings.

Proposition 2.5.1. The fiber product of abstract Witt rings over Z/2Z is the direct
product in the category of Witt rings. We will abbreviate this to just [[. In this case,
Given abstract Witt rings R; fori € I, we have S([[;c; Ri) = [ 1, S(Rs).

Another way we can construct abstract Witt rings is by extending by 2-groups.

Proposition 2.5.2. Let R be an abstract Witt ring, and let A, = (Z/27)". Then the

group ring R[A,] is an abstract Witt ring, with S(R[A,]) = S(R) x A,,.

Definition 2.5.2. Let R be an abstract Witt ring with square class group G. We say
that a € G is rigid if D((1,a)) = {1, a}.

Lemma 2.5.1. Let R = Ry[A,], and let H denote the subgroup of S(R) that corresponds
to S(Ry). Then, we every element of S(R) \ H is rigid.

2.6 Witt Ring of Algebraic Extensions

We now discuss some results regarding Witt rings of algebraic field extensions. In par-

ticular, we will focus on the Witt rings of quadratic extensions.

10



We begin by introducing the transfer map. Let F' be a field and K be an algebraic
extension of F. Let r : F — K be the inclusion map of F into K. We denote r* :
W(F) — W(K) as the induced map by r (in the categorical sense). Namely, for a form
q, 7*(q) = qx is given by the same form (that is, the form with the same coefficients, but
now seen as elements of K) in W (K).

Now, consider a nonzero F-linear functional s : K’ — F'. Since s is nonzero and linear,
we see that s is surjective. Similarly, we denote s, : W(K) — W (F) as the map induced
by s. More specifically, given a quadratic space V over K with corresponding form ¢, we

have that s.(¢)(v) = s(q(v)) € F (to see this is well defined, see Lam).

Theorem 2.6.1 (Springer’s Theorem on Odd-degree extensions). Let K/F be an odd
degree extension. If a quadratic form q € W(F) is anisotropic over F', then q € W(K)

18 anisotropic over K.

In other words, if K/F' is an odd degree extension, the mapping r* : W (F) — W (K)
is injective. This does not carry over for even degree extensions. For example, if we

consider R C C, the form (1, 1) is anisotropic in R, but hyperbolic in C.

Theorem 2.6.2. (Frobenius Reciprocity) Let K be an algebraic extension of F. Let
feW(F) and g € W(K). Then s.(r*(f) ® g) = f ® s.(g).

Now, we will discuss the Witt ring of quadratic extensions (ie. extension of degree

2). Suppose K = F(\/d), where d is not a square in F. We denote the form § = (1, —d).

Theorem 2.6.3. Let F' C K be defined as above. Suppose q is anisotropic in F'. Then
qr 1S hyperbolic over K if and only if there is some form 0 such that qr = 0 ® 0. This
means the kernel of r* : W(F) — W(K) is the ideal ().

11



Theorem 2.6.4. Using the notation defined above, let s : K — F be the linear map
defined by s(1) = 0 and s(v/d) = 1. Let s, be the transfer map defined by s. Then the

following sequence is exact:

t

0= W(F)-6 = W(F)D W(K) S W(F) L W(F)-§—0,

where t : W(F) — W(F) is defined by ¢ — q® . Consequently, we have the short exact

sequence

0 — coker(?) LN W(K) %% ker(t) — 0.
Remark 2.6.1. The above short exact sequence splits.

Remark 2.6.2. In order to show reciprocity in this context, it is enough to define a lift
[ : ker(t) — W(K) and show that given f € W(F) and g € ker(t), we have l(f ® g) =

r(f) ®1(g). This is how we will be showing reciprocity.

Here, we see that coker(t) = W(R)/d ® W(R), and ker(t) = ann((1,—d)). We will

use following result in the setting of abstract Witt rings:

Theorem 2.6.5. Given a form f, ann(f) is generated by all forms of the form (1, —x),
for z € D(f).

The above exact sequence is enough to determine the W (F')-module structure of

W(K). The ring structure, however, requires knowledge of the structure of K.

2.7 Formulating our Problem

In this thesis, we will work to extend the theory of Witt rings of quadratic extensions of
fields to the setting of abstract Witt rings. To set this up, take an abstract Witt ring
R, with its corresponding square class group S(R). Let d € S(R) be nontrivial, and let

d = (1,—d). We will consider the possible ring structures on R’ that fit into an exact

12



sequence

0>R-§—RLOSR3RLR-§-0,

for suitable r and s, where r is a ring homomorphism, s is a R-module homomorphism,
and t is the map given by multiplication by 0. This is equivalent to finding the structures

of R" where we have the (split) short exact sequence
0 — coker(t) — R = ker(t) — 0

for suitable r and s, and a lift [ : ker(t) — R'.

We will set another condition to the structure of R’, given below:

We note that coker(t) (a quotient ring of R) and ker(¢) (an ideal of R) are both R-
modules, which means our split short exact sequence is of R-modules. This means that
as an R-module, R’ 2 coker(t) ®ker(t). So, R, which we may also refer to as R[/d], can
be written as M @ N, where M, which is the image of r, is a subring of R’ isomorphic
to a quotient ring of R, and N, the image of [, is another R-module. Furthermore, we
note that the coker(t) action (by multiplication) on ker(t) induced by the action of R (by
multiplication) is well defined, as coker(t) = R/R-§, while ker(t) = ann(§). Specifically,
given ¢,q' € R such that § = ¢ in coker(t), we see that ¢ and ¢’ act in the same way.
Thus, the coker(t) action on ker(t) should be mirrored in the multiplication between
elements of M and N.

The maps 7 : coker(t) — R’ and [ : ker(t) — R’ allows us to see view coker(t) and
ker(t) as the two summands of R[\/a]. Here, there is a natural way for elements in M
and N to multiply, which is given by the coker(t) action on ker(t). We want this action
to be compatible with how the multiplication in R’ works. That is, given § € coker(t)

and f € ker(t), we want 7(q) @ I(f) =l(¢g ® f).

Remark 2.7.1. This compatibility of module action with the lift is simply Frobenius

reciprocity.

13



Chapter 3

A Motivating Example

Let us now discuss an important example as well as a generalization that follows from it.

3.1 Field of Laurent Series

Definition 3.1.1. Let F' be a field. We define

F((t) = {i anz"|N € Z,a; € F} :

as the Laurent series field over F'.

By using an iterated Newton’s method, it can be shown that all series with more than

one term can be written as a square. In fact, one can show the following:

Proposition 3.1.1. F((t)) forms a field. The square class is given by

F((6)"/(F((1)")* = F*/F* & (t).

From this, we have an analogous result in terms of the Witt rings of Laurent fields.

Theorem 3.1.1 (Springer). Let F be a field away from characteristic 2.  We have
the following isomorphism: W (F((t))) = W(F)[A{]. In fact, we may extend this to
W(F((ty, - ,t,))) 2 W(F)[A,]. (where A, = (Z/27)").

14



3.2 Taking the Square Root of ¢

Let us now consider what happens when we take the square root of t. That is, we have the
quadratic extension F((t))(v/t) = F((v/1)), which is isomorphic to F((t)). This means
that W (F((t))) = W(F((v/t))). Thus, we see that taking the square root of ¢ in this
context yields an isomorphic Witt ring. We will use the details of this example to explore
what happens in the abstract case.

We note that we can write W(F((t))) = W(F) & W(F) - (t) (as a direct sum of
W (F((t)))-modules). Moreover, we note that W (F((t))) - (1,—t) = W(F) - (1, —t), since
(t) ® (1, —t) = —(1, —t). Similarly, we have W (F((t))) - (1,t) = W(F) - (1,t).

In this subsection, we will denote s : W(F((t))) — W(F((t))) as the map g — ¢ ®
(1, —t). Here, we note that coker(s) =W (F((t)))/W(F((t))) while ker(t) = W(F((t))) -
(La) (=W(F)-(1,a)), since D((1,—t)) = {1,—t}. From this, we have the following

short exact sequence:
0 = W(F((1)))/W(F((t)) - (1, —t) 5 W(F((VE))) = W(F) - (1,t) = 0.

We can view W(F((v/1))) as W(F)@®W (F)-{\/t). When we look at r* : W (F((t))) —
W(F((v/t))), we note that the image of r* is the W(F) summand of the codomain.
Thus, when we view 7* as a map with domain W (F((t)))/W (F((t))) - (1,—t), r* maps
isomorphically onto the W (F) summand of W (F((v/1))).

Now, let us look at s, : W(F((v/t))) — W(F((t))). By our choice of s (where 1+ 0
and v/t — 1), we see that ker(s,) is exactly the W (F) summand of W (F((v/))). Thus,
we see that s, isomorphically maps the W (F') - (¢) summand to
W(F) - (1,) (= W(F((t))) - (1, 1))

Thus, we have the following short exact sequence
0 — W(F((£)/W(F((1))) - (1,—t) S W(F) @ W(F) - (V) > W(F) - (1,t) = 0

where we see that in the middle, the W (F') summand is the image of * and the kernel of

15



5., while the W (F)- (v/t) summand maps isomorphically to W (F)-(1,t). This is because
we may view both these summands as W (F((¢))) modules.

We now construct a lift [ : W(F)-(1,t) where g® (1,t) + ¢® (v/t). Let us check that
our module action is preserved with this lift. That is, given ¢ € coker(s) and f ® (1,t),
we have [(f ® (1,t)) @ ri(q) = l(¢® f @ (1,t)). We may take g to be the representative
of the form where there are no t’s present (ie. viewing it as an element of W (F)), as in
coker(t), we have (1) = (t). Similarly, we may r*(¢) € W(F((v/1))) also as an element
of W(F), and moreover, with r*(q) = q.

Thus, as desired, we have

(fe () @r(q)=qal(f®(1,1)
=q® f® (V)
=1l(g® f®(1,1)).

3.3 Generalizing the Previous Finding

We will now use our previous observation to make the following claim:

Theorem 3.3.1. Let R be any abstract Witt ring. Given R[A4], where Ay is generated
by t, then R[A|[Vt] = R[A,].

Proof. First, we see that S(R[A;]) = S(R) @ ().

Here, we can express R[A;] = R® R - (t) as a direct sum of modules. We will denote
our claimed quadratic extension as R = R® R - (v/t), where t = 1 in S(R'). We want
to find r and s such that we have the following exact sequence, with our desired module

action to be preserved:
0= (ROR-1)/(R®R{H)-(1,-t)) 5 R®R- (V) > ann(l, —t) — 0.

We note that (R® R- (t))/(R® R - (t)) - (1,—t) = R, as in this ring, we have that

(1) = (t). Let us now find ann((1,—t)). We note that in this case, —t is rigid, and as
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such, D((1,—t)) = {1, —t}, in which case, ann({1, —t)) is generated by (1,t) and the
hyperbolic form, so ann((1,—t)) = (R® R(t)) - (1,t). As (t) ® (1,t) = (1,t), we see that
this can be written R - (1,1).

Let us now construct our map 7 : (R@® R- (t))/(R® R(t))-(1,—t)) = R® R- (/t).
We first notice that we can represent each element of (R@® R - (t))/((R® R(t)) - (1, —t))

by (q), for ¢ € R. Thus, to construct r, we simply map @ — q. Well definition of this

map is clear, as (1, —t) — 0.
Similarly, we construct s : R® R- (v/t) — R-(1,t) by sending ¢ — 0 and ¢’ ® (/1) —
q(1,t), for q,¢' € R.

From this, we have the following split short exact sequence of modules as desired:
0= (R®R-)/(R®RE)-(1,—t)) 5> R®R-(Vt) > R-(1,t) — 0.

As before, we may have the first map mapping isomorphically onto the R summand,
while the second map has the R summand as its kernel and maps the R - (y/f) summand
isomorphically onto R - (1,t) by (v/t) — (1,1).

We now construct an analogous lift as before: let [ : R-(1,t) = R® R - (y/t) map
q-(1L,t) = q- (V1).

Let us now show the module action is preserved. That is, given g € (RGO R-(t))/((R®
R(t)) - (1,—t)) and f ® (1,t) € R - (1,t), we want to show that r(@)I(f ® (1,t)) =
l(g® f®(1,t)). As before, we may take g to be the representative without any t’s (ie.
viewing it as a member of R). Similarly, we may view r(q) = ¢ as the same member, but
of the R-summand.

So, as desired, we see

I(f@(Lt)®rg) =qxI(f@(1,1))
=q® f® (V)
=1l(qg® f®(1,1)).
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We may take our result one step forward with the following corollary:

Corollary 3.3.1. Let R be any abstract Witt ring. Let A, be generated by ty,--- ,t,.

RIA [V, -t ] = RIA,], where 1 <4y < --- < i < n.

Proof. Let R = R[A,_1], where A, _; is generated by ty, - -+ ,t;,_1,t;, 41, -+, tn. It is easy
to see that R[A,] = R[A], where A, is generated by t;, - - -t;,. By applying our theorem

above to R[A,], we are done. |
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Chapter 4

Another Motivating Example

Let R = Z][Z]]Z, and let B; = (—1,1,1), B2 = (1,—1,1), and 53 = (1,1,—1). We
also refer to (1,1,1) as 1. We note that in this case, the only thing we need to take the
square root of are 1 and f313,, as all the other elements from the square class that we

can take the square root of can be done similarly.

4.1 Taking the root of 3

We note that we can write R=7-(1) ®Z-(1,—p1) ®Z- (1, —[). Letting t : R — R as
defined by multiplication of (1, —3;). Let us first look at the kernel and cokernel of t.
First, let us look at coker(t) = R/R - (1,—f). In this quotient ring, we have (3;) =
(1), (Ba) = (B1f), and (Bs) = (B1Bs). In particular, we note that we originally had
B1B23 = —1, which tells us 533 = —1 in our quotient, or in other words, B = —/fs.

So, we see that

coker(t) =Z- (1) 7 - (1, —f,).

Now, let us look at ker(t), which is simply the annihilator of (1,—/;). First, we
note that (1, —3;) represents (1,£1,41), in which case, the annihilator is generated by
(1,—(1,41,£1) = (1,(—1,£1,+1)), or in other words, generated by (1, 31), (1, 5152) =
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(1,—ps), (1,5183) = (1,—PBa), (1, 515203) (the last of which can be checked to be the
hyperbolic form). We observe that (1, —f;) ® (1,—p8;) = 0 for ¢ # j. From this, we
note that (1, —83) L (1,—fs) = (1, =55, =P, B285) L (1,—B23) = (1,51). So, as an
R-module, ann((1, — 1)) is generated by (1, —f) and (1, —f3). In fact, it can be checked

that ann((1,—51)) =Z- (1, =B2) ®Z - (1,—f3)
Theorem 4.1.1. Given R=Z][[Z]]Z, we have R[\/B:1| = Z]|Z]]1Z]]Z.

Proof. We note that R[/f3;] must be a direct sum of two R-modules, which are isomorphic
to R/R-(1,—p1) and ann({1, —p;)). We note that as f; = (—1,1, 1), we see two orders
extend (while one does not) in two ways, and thus, R[\/51] has four orders. To see the
rank of the group of square classes R+/f3; must have, we first note that R/R - (1, —/3;)
eliminates one of the square classes, leaving behind two. We note that ann((1,—/p))
is generated by (1, ;) and (1, 5132), which translates another two generators. Thus,
R[v/B1] must have four square classes, which is also the number of its orders. Thus,
heuristically, we have R[\/31] 2 Z[[Z]]Z]] Z.

What is left is to write down the maps from R/R - (1,—01) — Z[[Z]IZ]]Z —
ann((1,—d;)) that preserver exactness.

We can write Z[[Z][Z]]Z =Z{1) DL -1 BZ- g2 B Z - q3, where ¢; = (1, —71), ¢2 =
(1, —72), and g3 = (1, —v3). Note that, ¢; = (2,0,0,0), ¢2 = (0,2,0,0) and ¢35 = (0,0, 2,0)
when viewed as a ring element. Here, we note that ¢; ® ¢; = 0, for 7 # j. We also note
we can write Z[[Z[[Z]]Z=7Z-(1)®Z-qDZ-qDZ- q3. Here, we construct the map
r:R/R-(1,-B) = Z][Z]]Z]]Z where we take (I) +— (1) and (B2) — (v1). Since
¢2 = (1, —1), we note that the image of r is the Z - (1) ® Z - ¢; summand. We define our
map s: Z[[Z]]Z]1Z =Z-(1)BZ-q1 BZL-q2BZ-q3 — ann({1,—p)) by (1) = 0,¢ — 0,
qo — —(1,—[Bs), and g3 — (1, —[3). Indeed, this gives us exactness as we desired. Here,
the corresponding lift is given by [ : ann((1, =f1)) = Z-(1) ®Z-q1 ®Z- qo ® Z- q3 where

(1, —f3) = —q2 and (1, —f33) — g3. Moreover, we see that multiplying elements
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between Z- (1) ®Z-q and Z-qo ®Z - q3 stays in Z-qu B Z - qs: given p; € Z- (1) BZ - ¢
and ps € Z - qo ® 7Z - q3, we have that p; @ py € Z - ¢ ® Z - g3, since (1) ® go = g2 (and
similarly for ¢3), while ¢; ® ¢ = ¢ ® g3 = 0. To see that the module action is preserved,
we note that (£2) ® (1, —32) = (Ba, —1) = —(1, =), while r({32)) @ ({1, =32)) = (1) ®
(—q2) = (M) ® (—=(1, =) = — (71, —7172). Since (1, =71, =72, 7172) = 0, we see that
— {1, =n72) = —(1,—92). So we see I((Bz) ® (1, —5s)) = —1({1,—B2)) = —(1,—) =
(1, = B2)) @r((B:

{
»)). With a similar computation, we can show that 1({3s) ® (1, —f33))
1({1,—B3)) @ r({$2)), which tells us indeed that the module action is respected.

4.2 Taking the root of 3,0

With ¢ : R — R be multiplication by (1, —3;0s), let us first look at ker(t) and coker(t).

We begin with coker(t) = R/R - (1,—0102). We note that if we write R =Z - (1) &
Z (1) ®ZL-{f12), we see that R - (1,—102) = Z - (1,—p152) + Z - {B1,—P=). This
tells us that in R/R - (1,—F152), we have (B1) = (B,), and that (I) = (B,3,). From
this, we see that R/R - (1, —5,53,) is generated by (I) and (), which equivalently, can
be generated by (1) and (1, —/3;). We note that (1, —f;) has torsion, since (1,—p3;) L
(1, ~F) = (L, ~Bus 1, ~B2) = {1, —Fr, B, i) = (L, i) L {Br,~T) = 0 (indeed,
these are elements in R - (1, —f182)). We know that (1) is torsion free, which means we
can write R/R - (1,—0162) =Z - (1) & (Z/27) - (1, —f1)

Let us now examine ann(l, —f;52). We note that
(1, =p152) = (1,—(—=1,—1,1)) = (1, (1,1, —1)), which tells us that it represents (1, 1, +1).
This tells us that ann(l, —f15,) is generated by (1, —(1,1, — £+ 1)), thus amounting to
(1,(—1,—1,4£1)). This is precisely (1, 5132) and the hyperbolic form, which tells us that
ann(l, —f;) is generated by (1, 5;02) as an R-module. In fact, it can be easily verified
to be Z - (1, B1Ps).

Now, since we are taking the square root of (0, which is (—1,—1,1) in our ring,
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we note that only one order extends (into two), while the first two do not. As we are
quotienting by R - (1, —f1/2), we are losing one of our square class generators. However,
since ann(l, —p102) = Z - (1, f12), we are gaining a square class generator. Thus, in
R[v/B132], we have two orders and three square classes. Thus, heuristically, we have three
fiber product factors, two of which are Z and one of which is singly generated and has

torsion. So heuristically, we have R[\/f15:] = Z [ Z ] Z/AZ.
Theorem 4.2.1. With R=Z][[Z]]Z, we have R[\/152) = Z][Z]] Z/AZ.

Proof. Let us now look at Z[[Z][Z/AZ. Denote 1 = (1,1,1), 1 = (—1,1,1), 12 =
(1,—1,1), and 73 = (1,1, —1). We know that elements here look like (even, even, even)
or (odd,odd,odd). We can check that Z[[Z]]Z/4 is generated by (1), (1,—7,), and
(1, —~3). We note that this corresponds to (1,1, 1),(0,2,0), and (0,0,2) as generators.
We can readily check (1,—7v3) L (1,—73) = 0. So, we can express Z[[Z][Z/AZ =
Z-(1)DL-(1,—v) ®(Z/2Z) - (1, —3).
Let us now construct our maps. Let r: R/R- (1, —p152) = Z][Z]]Z/AZ

(=Z-(1)®Z-{1,—v) D (Z/2Z) - (1,—73)) be define by (1) — (1), and

(1, =p1) — (1,—73) (note that (51) — (y3)). We can easily see that r is injective with
its image being Z - (1) & Z/2Z - (1, —3). Let

s LINZIZNAL(=Z-(1) L - (1, =) & (Z/2Z) - (1, —73))

— ann((1, —(152)) be defined by (1) — 0, (1, —v3) — 0, and (1, —v,) — (1, 5152). By

construction, it is easy to see that the following is a short exact sequence:

0= R/R-(L,-p1Bo) B Z][Z ][ Z/AZ > ann((1,—B1 ) — 0.

The corresponding lift is [ : ann((1, —f152)) — Z]IZ]]Z/AZ by (1, p152) — (1, —).
It is easy to see that the image of r acts on the image of [, since (1) ® (1, —y2) = (1, —72)
and (y1) @ (1, —v2) = (1, —n72) = (1, —72). To see that our life [ is indeed compatible

with the module action, we note that
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[((1, $182)) @ r({B1))

(1, =72) ® (73)
= (73, —7273>
<17 _'72>

as well as

(1, B1B2) @ (B1)) =

1({B1, B2))
=1({
{

L, B152))
1, —2)
so indeed, [((1, £152)) @ r({B1)) = I((1, B1B2) @ (B1)).

Thus, we have shown that the module action is respected, so indeed, our candidate

ring fits into the short exact sequence as R[v/(1 2] [ |

23



Chapter 5

Generalizing the Previous Findings

In this section, we generalize some of the results we found above. Let R = [[;_; Z. As

before, let §; be the element with —1 on the ith spot and 1 everywhere else.

5.1 The Case of n =2

We begin by examining the easiest case: when n = 2. That is, we look at the abstract

Witt ring Z [ [ Z.
Lemma 5.1.1. We have the following isomorphism: Z [ Z = Z[A].

Proof. Let Z[A| =7 - (1) ® Z - (t), where t generates A;. Let f = (1,—1) € Z][Z. We
notice that we may write

z]]z=z-(1) & z(p).
With that, we construct

¢:Z][Z — Z|A]

where (1) — (1) and (5) — (). It is easy to see that ¢ is a ring isomorphism. [

From the above lemma, we notice that taking the square root of 5 in Z[[Z is anal-

ogous to taking the square root of ¢ in Z[A;]. From this, we get the following corollary:
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Corollary 5.1.1. Let R=Z]][Z, and let 8 = (1,—1). Then R[\/B] = R.

Proof. We note that R = Z[A], and we are taking the square root of 5, which is

analogous to ¢ in Z[A;]. By Theorem 3.3.1, we are done. |

5.2 Taking the square root of 3,
As before, we may write
R=Z-(1)®Z-(1,-p1) & DL (1,=fp1).

From this, we can write

R/R<17_/61>:Zm@z<1a_/62>@@Z<17_/6n—1>

Now, let us look at ann((1,—/;)). We note that
D(1,-p1) =D(1,—(—1,1,--- ;1)) = {(1,£1,--- ,£1)}. Assuch, we see that ann((1, /1))
is generated by (1, —(1,£1,--- ,+£1)). Furthermore, we can show that ann({1,—f;)) =
Z-(1,—Bo)®--BZL-(1,—pp).

In this section, we show that R[\/Bi] = [[";°Z. The heuristics behind this is as
follows. When we take the square root of i, all but one order extends in two ways,
resulting in 2n — 2 orders. Now, we notice that by taking the square root of 31, we lose a
square class generator. However as ann({1, —f;)) has rank n — 1, we gain another n — 1,

thus giving us 2n — 2 square classes, which is also the numbers of orders we have.

Theorem 5.2.1. Let R =[], Z, forn > 1. Then

2n—2

RV = [] 2

i=1
Proof. Indeed, we have shown this to be true for n = 2,3. Let us show this for n > 3.

Let us write
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2n—2

[[z=z-()eZ (1w @ ®Z- (1, %m-1721-3)
SL-(L—7) &+ ©Z- {1, ~anca).
Since (1, 7;Vj+n—2) = (Vj, Vj+n—2), it can be readily verified that our direct sum is indeed
a direct sum.

First, we construct our map

r:R/R-(1,—f) (:Z-m@z-<1,—52>@---@Z-<1,—5n_1>>

— H Z( D@Z (L) @ B Z- (1, Yn-1720-3)

57 <1, ) @ DL (1, —Yan2))
as follows: (1) ~ (1), and for j between 2 and n — 1, we send (B;) = (7;7j4n_2). Here, it

can be readily checked that this is an injective ring homomorphism. Here, the image is
Z- (1) DL (1,72Vm) @ ®Z-(1,7n-172n-3)-

Now, we construct

2n—2

H Z @Z <1772f}/ﬂ>@@z <177n7172n73>

@ Z (L, =) ® - B L (1, —Yop_2))
—ann({1,=p1)) (=Z-(1,=B2) ®---DZ-(1,—5,))

Here, we send (1) — 0, (1,7jYj4tn—2) — 0 for all 2 < 5 <n —1, and for j > n, we have
(1, —v;) = (1, =Bj—nt2) (e.g. (1, —yn) — (1, —p2)). By construction, it is clear that

2n—2

0= R/R-(1, =) = [[ Z— ann((1,-41)) =0

i=1

is exact. So, we have the corresponding lift (1, —0;) — (1, =V;j4n—2).
Let us now show that the module action is respected. It is clear that r({1)) ®
1((1,—p5;)) = L((1) ® (1,—pB;)). To see the rest of the generators behave as expected,

we first show that for all (suitable) j, we have r((5;)) ® [((1,—03;)) = 1({5;) ® (1, —5;)):
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r((85)) @ 1((1, =B;)) = (Vi Vitn—2) @ (1, =Vj1n-2)
= (VjVjtn—-2> =)
= _<17 _’Yj+nf2>

1({8;) @ (1, =5;)) = 1((B;, =1))

= 1(—(1,-5;))
= —I((1,—5;))
= —(1, =Vj4n-2)

So indeed, we have r({5;)) ® l((1, —5;)) = 1({8;) ® (1, —p5;)) for all (suitable) j.
Now, for i # j, let us show r((5;)) ® ({1, —5;)) = 1({B:) ® (1, =05;)):

r((8:) @ UL, =B;)) = (ViYitn—2) ® (1, =Vjn—2)
= (VYitn—2, —71‘%+n—27j+n—2>

= (1, _%‘+n—2>
H((8:) @ (1, =B;)) = L({Bi, =B 5;))
=1((L, =5)))
=1({1,-5;))
= (1, =j+n—2)
So indeed, our module action is respected. [

5.3 Taking the square root of 5y --- 3, 1(= —0,)

We note that £y ---f,-1 = =8, = (=1,—1,--- ,—1,1). Heuristically, taking the square
root would extend one of the orders to two orders, while the rest do not extend. We note
that quotienting by (1, 5;) would eliminate one of the square class generators. However,
we also note that ann((1, 8,)) = Z-(1, —B,), since D((1, 8,)) = D((1,(1,1,--- ,1,—1))) =
(1,1,1---,1,+1). Thus, ann((1, 5,)) = Z- (1, 5,). This also means that we gain another
square class, and so, we have n generators for our square class. Thus, we expect to have

the following theorem:
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Theorem 5.3.1. Let R =], Z, forn > 1. Then

gzﬂz]l(gZ/zLZ).

Proof. Let us write R=2Z - (1) ®Z-(51) D D Z-{B,_1). Since R-(1,5,) gives us

Z-(1,B,) +Z - Bn, 518n) + -+ Z - (Bn, Bu-15n), which tells us that in R/R - (1, 5,),
we have (B,) = —(1). This also means (315 ,_1) = (1). We also see that for any

0<1<n,

1 ﬁza ) ﬂl>
17 ﬁla ﬁna B@>

(1, =p:) L (1, =0:) = {1,
{
(=Bi, =Bifn)
(=
0

Pi) ® (L, Bn)

which tells us that each (1,—4;) in R/R - (1, 5,) has 2-torsion. Moreover, we note that

<17 _61> 1 <17 _B2> Lo L <17 _B[n - 1]> = <17 _61B2 T Bn—1>

- <1aﬁn>
=0

which tells us that (1, —f;) can be written as a sum of the other (1,—0;). So, we can

write

R/R-(1,Pn) = Z(1) © (Z/2LZ){1, =) ® - -- © (Z/2Z)(1, = fn-1)-

Let us write Z[[Z ]| (]_[ Z/4Z>
=3
We observe that (1, —v;) L (1,—v;) = 0 for ¢ > 2. With this in mind, we construct

our map

roR/R- (1, B) (= Z(1) @ (Z)22)(1, =f2) & - - - & (Z/22) (1, —Pn-1))
= Z- ()OS L-(1,—m) ® (Z/2L) - (1, =72) © - -- & (Z/2Z) - (1, =yn-1)
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by sending (1) — (1) and for 1 < i < n, we send (3;) — (7;). Here, the image of r is
2 (1)@ (2/22) {1, ) & - © (Z/2Z) - {1, 0 1),

We define

s:2- (1) @Z-(1,=m) ®(Z/22) - (1, =72) ©--- © (Z/2Z) - (1, =yn-1)
= ann((1, Bn)) (= Z - (1, =fn))
by (1) — 0, (1, —7y;) — 0 for i # 1, and (1, —v1) — (1, —=05,).

It is clear by construction that

0—R/R-(1,8,) = Z][Z]] (ﬁ Z/4Z) — ann((1, ,)) = 0

is exact, with the corresponding lift [ : ann((1,3,)) = Z - (1) ®Z - (1, —71) B (Z/27Z) -
(1, =72) @~ @ (Z/2Z) - (1, =yn-1) given by (1, =) = (1, =)

Let us now show that the module action is respected. Clearly, we have that r((1)) ®
H(L, =) = Ur((1)) @ (1, =7m)). Let us show that r({5;)) ® ({1, —m)) = I({f;) @

(1, =), for 1 < i < n. To see this, we observe

r((8:)) @ U({1, =Bn)) = (n) ® (1, —m)
= (Yi, =71%)
= <17 _71>

((B:, —BiBn))
(1, =Bn))
= <1v _71>
So indeed, r({5;)) ® I({1, —v,)) = 1({B;) ® (1, —~,)). Since (1) and (1,—4;) for 1 <

[

i < n are the generators for R/R - (1, 8,), the above computation shows that the module

action is preserved. [ |

5.4 Taking the square root of 5;--- 3, for k <n

Taking inspiration from our previous cases, we prove the following theorem:
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Theorem 5.4.1. Let R =[]}, Z, where n > 2. For k < n, we have

2(n—k) 2n—(k+1)
R/ BiBa Br1Br) = H Z H H ALY/
=1 i=2(n—k)+1

Proof. First, let us look at R/R - (1,—f1--- (). We note that (1) = (3, ---f) in
R/R-(1,—f -+ Bk). This means that (Bxi1---S,) = —1, and so, for any 1 < i < k, we

see that
<17 _ﬁl> L <1> _Bl> = <1: Bza s ﬁz)
= <17 /B’H ../81;71/82'4’1 ﬁk71>
= <1> Bw "Biflﬁz#l"'ﬁkyﬁl"'ﬁk)
=0

Thus, we see that (1, —f;), for i < k, has 2-torsion.

We also note that

(L=p) L L(L=f) = (L, =B B)
=0

Since we may write R=2-(1)®Z-(1,-p1) ®--- D Z- (1,—F,_1), and we only need

k —1 of our (1,—4;), for i <k, we can represent

R/R-(L,~pr- i) =Z- (1) ® (Z/2Z) - (1, —B2) & - @ (Z/2Z) - (L, —By)
Z-(1,~Brr1) ® L (1, o).
Now, we see that D({1,—B;--- ) = D((1,(1,--- ,1,—=1---  —1)))
=(1,---,1,£1,--- ,£1), where the first k are 1 and the last n — k is 1. This means
ann({1,—pB1 --- fx)) can be additively generated by (1, —4;), for k +1 < i < n, and so,

we may write

ann((l’ _51 .. ﬁk» =7 ... <1’ _6k+1> D---PZ- <1’ _5n>

For our candidate ring, let us write
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2(n—k) 2n—(k+1)

I z) 11 Il z/m4z

i=1 i=2(n—k)+1
=Z-(®Z-(1,%2Y¥mkt1) ® - BZ- (1, Yn-tV2(n—k)-1)
D7 (1, ~Ynps1) D DZ- {1, —Yop_ok)
®(Z/2Z) - (1, —Yon-k)41 D - - ® (Z/2Z) - (1, —Yan—(k+1))-

Indeed, we see that this is a direct sum, since (1, 7;Yj+n—k-1) = (Vjs Vjtn—t—1)-

We now construct

2(n—k) 2n—(k+1)
reR/R-(L=p-- 60— | T 2) I 11 2/42
i=1 i=2(n—k)+

as follows: We send (1) > (1), for 2 < i < k, we send (B;) — (Yan_r)_114), and
for i > k+ 1, we send (3;) — (Yi—(k—1)Yi+n—2k). By noting that for ¢ # j, we have
(1,—p;) L (1,—-p;) = (1,—B;p;) (similarly for the corresponding 7’s in the codomain),
it is readily checked that this map is a ring homomorphism, and that the image of r is
Z-(1)®Z- (1,2 Yn-pr1) B D Z - (L, YarV2(n-k)-1)

@ (Z/)2Z) - (1, =Yon-t)+1 D - - ® (Z/2Z) - (1, =Yon—(kt1))-

Let us now construct

2(n—k) 2n—(k+1)
S H 7z H H ZJAZ ) — ann((1, =B1 - Br))
i=1 i=2(n—k)+1

as follows: We send (1) — 0, (1,7Yitn—t-1) + 0 for 2 < j < n —k, and (1, =) —
(1, =Bj—(n—2m)) for j >n —k + 1.

By our construction, it is easy to see that

2(n—k) 2n—(k+1)
0—R/R-(L—p 6= | ] 2|1 ]_[ Z/AZ
1=1 i=2(n—k)+1

2 ann((1, -8, - -- ﬂk>) —0
is exact. Here, the corresponding lift is give by [ : (1, —=3;) — (1, =Vj1(n—2k))-

What is left is to show that the module actions is respected. That is, we need to show
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that 7({5;)) @ ({1, = ;) = 1((8:) @ (1, —B;)), for all 4, .
Let us first consider the case when ¢ < k. Since 7 > k+ 1, we see ¢ # j. In this case,

we see that

T(@) @ UL, =B;)) = (1, =Vjtn-2k) ® <’72(n7k)+1+i>

= <’72(n—k)+1+ia —72(n—k)+1+ﬂj+n—2k>

= (1, =Vj4n—2k)-
I((L, =B;) @ (B8i) = L({Bi, —BiB)))
= 1({1,=5;)
= (1, =Vjn—2k)

so indeed, when 7 < k, we have r(@) ® (1, —B8;)) = 1({B:) ® (1,—p;)).

Now, we consider the case when i > k + 1, and 7 # j. In this case, we see that

7"((51>) ® l((l, _5j>) = <1» _7j+n—2k> ® <%’—(l~c—1)%+n—2k>
= <7i—(k—1)7i+n72k7 _7j+nf2k7i—(k—1)'7i+nf2k>

= (L, ~Yjtn—2k)
I((1, =55 ® (B ))Zl((ﬁu —BiB;))
= I((1,—p;)
< ) 7]+n72k>

so indeed, when i > k + 1 and i # j, we have 7((3;)) @ I({1, —5;)) = 1({B;) @ (1, —05;)).
Now, it is left to show that 7’(@) R U((L,—=B;)) =1((B;) ® (1, =B;)).

Here, we see that

r((B;)) @ 1((1L, =B3)) = (L, =Vjn—2k) ® (Yj—(h-1)Vjtn—2)
< Vi—(k=1)Yj4+n—2k, %’—(k—l))
—(1, ’Yj+n72k>

(1, =65) ® (B;) = 1B, = 1))
= —1((L, =)
= —(1, =Vjrn—2x)
This indeed shows that 7((3;)) ® 1((1, =5,)) = 1((8;) ® (1,—5,)), for all 4, ], so our

module action is respected. [ |
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5.5 Taking the square root of 3;--- 3, (= —1)

In this section, we finally consider the case when we take the square root of £y ---f,,

which is —1.

Theorem 5.5.1. Given R =[][,_, Z, we have
n—1

RlV=1] = [[ z/2z]A]
i=1

Proof. First, we note that ann((1, =1 5,)) = ann((1,1)) = 0. To see this, we note
that D((1,1)) = (1,1,---,1), which means ann((1, 1)) is generated by (1,—1), the hy-
perbolic form. This tells us that R[v/—1] = R/R - (1,1).

So, let us look at R/R - (1,1). First, we see that in this ring, (1) = —(1). From this,
we see that R/R - (1,1) = (2/2Z) - (1) ® (Z/2Z) - (1,=B1) @ --- @ (Z/2Z) - (1, —Bp_1).
We claim that this ring is isomorphic to [ [}, Z/2Z[A].

Looking at [[/—,' Z/2Z[A,], we note the elements have entries that are entirely 0 and
14+ Aor1and A. Denote v; as the element with 1’s everywhere except for A on the ith

spot. We note that we can write
HZ/QZ[AJ = (z)2z2)- (1) ©(Z/2Z) - (1, =) & - ® (Z/2Z) - (1, =Yn-1)-

So we define an isomorphism ¢ : R/R-(1,1) — [[I-, Z/2Z[A,] where (1) ~ (1), and

(1, =5;) = (1, —v;). It is clear to see that this extends to a bijection preserving addition.

It is also easy to see that this is multiplication is preserved, in that (1, —f5;)® (1, —f3;) =0

for i # j, and similarly, (1,—v;) ® (1,—7;) = 0 for ¢ # j. Thus, we see that here,

RIV=1] = IT15 Z/2Z[A).
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5.6 One Ring (Isomorphism) to Rule Them All!

In this section, we refer to the following theorem from Marshall’s text to unify the work

we have above.

Theorem 5.6.1. If R is an abstract Witt ring away from characteristic 2, then

R[] z/4z = R]] z[A4).
This ring isomorphism gives us the following unifying corollary:

Corollary 5.6.1. Let R =]][;_, Z, where n > 2. For k <n, we have

2(n—k) 2n—(k+1)

R[N/ BBy Br1Pk] = H Z H H YAPYAILN
=2(n—k)+1

i=1
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Chapter 6

Rings of the form R[] Ry

Given abstract Witt rings R; and Ry, with corresponding quadratic extensions R;[/aq]
and Ry[\/az], we show that

(Br [] B[V (a1, 00)] = Ra[au] [ [ Ralvaa] [ R

, where either R = Z/2Z[A,], with A; generated by A, or R = Z/4Z.

_ ni _ ng
6.1 The general case of B, =[[,},Z and Ry =[[;2,Z
We first show this to be true for the case where R, and R, are fiber products of Z.

Theorem 6.1.1. Let Ry = [[},Z and Ry = ]_[?il Z, where By, € Ry and B, € Rs.
Then

Ry [T R/ (B Bry] 2= Ba[V/Bu] [ [ BalV/Bia] [ | Z/22(A4].

Proof. Given By, € Ry and i, € Ry, we have shown that the

2(711—]91) 2n1—(k’1+1)
RlVBI= | IT z)1I{ I z2ziag
i=1 iZQ(nl—k1)+1
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and

2(n27k2) 2n27(k2+1)
RlVeLl=| ] 2]|]] [T z/rza)
=1 i:2(n27k2)+1

Now, we note that Ry [] Ry = [[[2]"* Z, and taking the square root of (B4, , Bx,) will
result in a ring isomorphic to what would be obtained by taking the square root of Sk, 1,

So here, we see that

Rl H RQ Bk’nﬁkz)]

2(n1+no—k1—k2) 2n14+nz—(k1+ka2+1)
o I z|] 1T Z./27[ A
=1 i:2(n1+n27k17k2)+1

Here, it can be readily checked that

Rl HRQ Oél,Oéz PL1 Oél HR2 2] HZ/QZ[Al

6.2 The case of Z[A;][[Z[A)]

We begin by exploring the basic case of when both Ry = Ry = Z[A,]. This will give us
intuition when neither Ry or Ry are fiber products of Z. We recall that Z[A,] = Z ][] Z,
which is why we adjoin A,.

We recall that from Corollary 3.3.1 that Z[As][v/d1] = Z[A,).

Theorem 6.2.1. Let R = Z[Ao] [[Z[As], where Ay is the Klein-4 group (generated by
01 and d3). Then

R[\/[ov.0:)) = RIVa [ RIVS: [ ] 2/221

Proof. First, we note that R has, as a Z-basis, {[1,1] = 1,[1, —1] = B, [d1, 1] = 01, [02, 1] =
527 [51527 1] = 51527 [17 51] = 5/17 [17 52] = 557 [17 5152] = 6/165}
Let us now examine R/R - (1,—(157). We notice that in this quotient, we have
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(1) = (3.B]), which tells us that (By = (B1). Furthermore, we notice that (8,3;) =

(5152, 1] = [Ba, B1] = [Ba, 1] + [1, 1] — [1,1] = (B2, B}, —1). We can similarly show that
(010%) = (01,05, —1). Furthermore, we note that

which tells us that (1, —d;) has 2-torsion in our quotient.

From all of this, we may write

R/IR-(1,—60)) =Z- () ®Z-(1,—B)BZ-(1,—0,) ®Z- (1,—0}) & (Z/2Z) - (1, =B ).

Let us now examine ann({1,—0,d})). So, we first look at D((1,—6,9})). We notice

that
D(<17 _5169) = D(<17 [_617 61])) = {[_617 1]7 [17 _51]7 [17 1]’ [_617 _61]}7

which tells us that ann((1, —9,6})) is generated by (1, —1) (which is hyperbolic),
(1, =[=01,1]) = (1, 501), (1, =[1, =01]) = (1, =50}), and
(1, =[=01,=061]) = (1,6107). We note that (1,561) L (1,—B07) = [1 + 61,01 +[0,1 +
6] = [1+ 01,1+ 8] = (1,6,07), which tells us that as an ideal, ann((1,—4§,0])) =
({1, 861), (1, =B1)).

It can be readily checked that

ann((1, —8,8)) = Z - (1, 86)) ® Z - (5, $8162) ® Z - (1, —B8) ® Z - (8, —35,84).

Furthermore, we note that 67,65, 5, 6; fixes (1, 361) and (dz, 5102), while dy swaps them.
Similarly, 61, 2, —f, 6] fixes (1, —3d7) and (65, —59165), while 65 swaps them.

We note that Z[As][v/B1] = Z[A,], in which case, our quadratic extension should be
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R =Z[N) [1 Z][A2] [ [ Z/2Z]A,]. Here, we denote 7, ¥ as the generators for each Z[A,].
R’ can be additively generated by 1 =[1,1,1], 8 =[1,-1,1], e = [1, 1, A], 1 = [, 1, 1],

Y2 = [,727 17 1]7 Y172 = [717% 17 1]a 'Yi = [177% 1]7 'Yé = [1a727 1]7 and 717& - [1771727 1] as a

basis over Z. Indeed, it can be readily checked that

R=7Z-(1)®ZL-(1,=B)@®L-(1,=72) ©L-(1,—7) ®(Z/2Z) - (1, =€)
® Z(L, A1) @ L - (1, —B7) DL - (32, B172) B Z - (v, —B17)-
Let us now construct r : R/R - (1,—6,0,) — R’ as follows: (1) — (1),
(BY = (B), (62) = (72), (8) = (74), (61) =~ (€). It is readily checked that this map

is injective, multiplication is preserved (thus, it is a ring homomorphism), and that

furthermore, the image is
Z-)@Z-(1,=B)BZ-(1,—) ®Z-(1,—7,) ©(Z/2Z) - (1, —¢).

We now construct s : R — ann((1, —,07) as follows: (1, 5v1) — (1, 5d1), (1, —57]) —
<17 _/65/1>7 <72a671’72> = <52755152>7 <7éa _5717£> = <5é7 _55155%
while (1), (1, —5), (1, —v2), (1, —=74), (1, —€) all go to 0. It is clear that this map is onto.

Thus, by construction, we see that
0— R/R-(1,—016)) = R — ann((1, —6107)) — 0

is exact. Here, the corresponding lift is [ : ann((1, —0,9})) — R’ is given by (1, 5d;) —

<17571>7 <17_551> = <17_671>7 <527ﬁ5152> = <72a67172>7 <6§7_5515é> = </yé7_571/yé>

What is left is to show that the module action is preserved.

First, we show [((61) ® (1, 861)) = r({01)) ® [((1, B1)). To see this, we note that

1((d1) ® (1, Bo1)) = U({1, Bor))
= <17ﬁ’)/1>
r((61)) @ 1((1, 861)) = (&) @ (1, Bm)
= <17671>
so indeed, equality is shown.
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We now show [((d2) ® (1, 5d1)) = r({d2)) @ I((1, 5d1)). To see this, we note that

[({02) @ (1, Bo1)) = ({02, £d102))
= (72, B1172)
r((62)) ® ({1, B01)) = (72) ® (1, Bm)
= (Y2, B7172)

so indeed, equality is shown.

Let us finally show [((8) ® (1, 801)) = r({01)) @ [((1, 81)). To see this, we note that

(<17 561>)

1((B) ® (1, 801)) =1
<17 ﬁ71>

r((61)) @ U({1, 501))

(B) @ (1, B71)
<17 571)

so indeed, equality is shown.

Thus, we see the action on (1, 37v;) is preserved. We can similarly show that the

action (1, —B1), (72, By172), and (74, —f~14) are preserved. |

6.3 The general case of Z|A,| [[ Z[A,.], where n,m > 1

Let us now consider when R; = Z[A,] and Ry = Z[A,,], where n,m > 1, and Ay is the
torsion-2 group with k& generators. Indeed, we can focus on when n,m > 1 as Z[A;] =
Z]7Z. Let 01, -- ,d, generate A, and &, --- ,d,,” generate A,,. Let R = Ry [[ R».

We recall again that by Corollary 3.3.1, we have Ri[v/d1] = Ry and Ry[\/8}] & R.

Theorem 6.3.1. Let Ry = Z[A,] and Ry = Z[A,,], where n,m > 1, and Ay, is as above.
Let R = Ry ] R2. Then

R[V/(81,8)) = Rilv/Bi] [ RelV/ B ] 2/221 ).
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Proof. We note that R can be expressed with a Z-basis {1 = [1,1],8 = [1, —1],8;, - - - §;, =

J

[(5“(51],1] for1§21<<1j <n, andégléik :[1 0! (S,Zk] forl1 <ip < -+ <

» Yiq

i, < m}. Thus, we see that R has rank 2" + 2™ and can be represented as

R=Z - (1)®Z (1,-5) & @ Z- (1, =0 - 0;)

1<iy <--<ij<n
! !
@ @ Z'<17_6i1"'5ik>.
1< <<t <m

Let us now look at taking the square root of (d1,6]). So, let us examine R/R -

(1,—0.8}). As before, we have (6,0]) = (1) in our quotient, and so, (0;) = (&). As
before, we can also show that (1, —d;) has 2-torsion, and that given 1 < iy < --- < 7; <n,

we have <515i1 tee 5,]) = [5151‘1 s 51‘]., 1] = [5” cee 5%,51] = <511 tee 52]> 1 <5i> — <1>, which

means (010;, - - - d;;) can be represented as a linear combination of the other generators.

The same can be said about (4167, - --d; ), in which case, we can write

R/R-(1,=0:8) =Z- () ®Z-(1,-B)o P  Z-(1, =5, ---0;,)

1<ip<--<ij<n

o @ z-{0-05,---0)e 222 1,-5).

1<t <<, <m

Let us now examine ann((1,—0,91)). As before, we can show ann((1,—0,9})) =

((1,801), (1, —47)). In fact, we can also write

ann(<1’_5151>) =7Z- <1a661>® @ <6z 5117/851511513>

1<ip<---<i;<n

1<ip<--<ip<m

As Z[AL][VB1] = Z[Ag], our quadratic extension should be
ZIA T Z[AG) [T Z/2Z]Ay). Again, we will use 7; and 7/ instead of §; and 6] to denote our
generators for A, and A,, R’ can be additively generated by 1 = [1,1,1], 5 = [1, -1, 1],
e = [LLA] vy v = [V, L1 for 1. <dyp < --- < iy < myand 7 -, =

(1,79, -7, 1] for 1 <dyp < -+ <dp <m. In fact, we can write
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R=Z-()®Z-(1,-p)
e P z0—wmwe @z,

1<iy <--<ij<n 1<y <-<ip<m

OZ- (LA ® B v B )

1<ip<-<i;<n

®Z-(L,—pvye B O =B )

1<iy < <ip<m
@ (Z)27) - (1, —¢).
We now construct r : R/R - (1,—0,6]) — R’ as follows:

o <1,—51151J>P—><1,—’%1’71]> fOI‘].<i1<"'<’ij§TL

o (1,—6; -+ 0; ) = (1, =, ---7;,) for 1 <y <+ <ip <m
e and (1,—v) — (1, —e).

It is readily checked that this map is injective, multiplication is preserved, with the image

Z-eZ-(1,-fe @  Z-(L -y

1<ii<--<ij<n

o @D Z (L)@ (Z/2Z) (L)

1< <-—-<1p<m

We now construct s : R — ann((1, —0,9})) defined as follows:

b <17671> = <17561>

(Vir = Yiys BV Yiy -+ Vi) +> (O =+ 0y, 30163, -+ - 0,) for 1T <iy < -+ < iy <m

J

<17 _670 = <17 _559

iy = Vi =B Yir ==Y = 00, - 0, —=B0105, -+ 07, ) for 1 <y < -+ <ip <

(1), (1, =8), (1, =3, - -y;,) = 0for 1 <iy <--- <i; <n
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o (1, =i --7) =~ 0for 1 <idp <--- <ip <m

It is clear that this map is onto.

By construction, we see that 0 — R/R - (1,—6,01) — R — ann((l,—6,07)) — 0
is exact. Here, the corresponding lift is [ : ann((1,—4§,0})) — R’ given by (1, 5d;)
(1, B71), (05 - 04;, BO10s, =+ 0s,) = (Vi === Yigs BYay - -+ ;) for 1.<ip < --- <ij <n,
(1, =p61) = (L, =pn), and (&, -~ 6, =B010;, -+ 6, ) = (v, -+, —B1Yar -+ i,) for

1 <iy <--- < <m. What is left is to show that the module action is preserved.

First, we show [({(01) ® (1, 861)) = r({01)) ® I({1, d1)). To see this, we note that
1({01) ® (1, Bd1)) = U({1, B01))
= <17571>

r((01)) @ L((1, 561)) = () @ (L, fm)
= <1a6’71>
so indeed, equality is shown.

We now show [((0) ® (1, 561)) = r({dx)) @ ({1, B01)) for k > 1. To see this, we note
that

I({r) ® (1, Bd1)) = 1({Ok, B010k))
= (%ﬁ%%)

r({0k)) @ 1((L, Bd1)) = () ® (L, Bn)
= (Vs BY1W)
so indeed, equality is shown.

Let us finally show [({8) ® (1, 801)) = r({01)) @ I({1, d1)). To see this, we note that

1({B) © (1, o))

[((1, 861))
<176’Yl>

r((01)) ® ({1, 561)) = (B) © (1, Bm)

<17 671)

so indeed, equality is shown.
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Thus, we see the action on (1, 371) is preserved. We can similarly show that module
action is preserved for all the other Z-generators of ann((1,—0,07)) as well, so we are

done. -

6.4 The General Case of R = R[] Ry

We may extend what we have above to a more general setting. Let R; and Ry be abstract
Witt rings with square class groups S(R1) = (f1,-+-,0,) and S(R2) = (81, ,0.)-
Suppose R; and R are quadratic extensions of Ry (with respect to 1) and Ry (with
respect to 7). We make the additional assumption that we are away from the case of

f1 = —11in Ry and Ry is characteristic 2 (ie. —1 is a square) and vice versa.

Theorem 6.4.1. Let Ry and Ry be abstract Witt rings, and let 51 € S(Ry) and 5] €

S(Ry). Assuming the conditions we have above, we have

(R [T R V180 81 = By [ [ R [ [ 2/22]A).

Proof. Per our assumptions, we have the following short exact sequences:
0= Ri/Ri- (1, =) = Ri = ann((1, = 1)) = 0

0— Ro/Ry-(1,—3)) B Ry 3 ann((1,-4})) = 0

with the corresponding lifts I : ann((1, —41)) — Ri and I : ann((1, —3})) — Ry With-
out loss of generality, we may assume the outputs of /; and /5 are both even dimensional.
In fact, we can ensure that on the generators of ann((1, —/5)), the output of [; would be
two dimensional (similarly for I5).

Here, we note that given R = Ry [[ R2, we have S(R) = S(R1) x S(Rs). So, in R,
we denote (3;) = [B;, 1] and (3}) = [1, 5j]. Let us now look at R/R - (1,—31]). Here,

we note that (1,—03,51) = 0, which means (f;) = (5]). We notice that (5,15;, --- ;) =

(5161’1 e 'Bik’ 1) = (/621 ’ 521@’61) = (611 o 'ﬁik’ 1) + (1750 - (1’ 1) = <ﬁl1 o /81k> + <51> -
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(1). As before, we can show (1, —f;) has 2-torsion. From this, we see that S(R) can

be generated by 3, 51, , B, By, -+, B, So for R/R - (1, —/1]), what we have is that

(1) = (B1)-

We now look at R’ = Ry [[ R, [[ Z/2Z[A,], which is what we want to show to be the
quadratic extension of R. We notice that for S (Rl) can be generated by
(ri(Ba) -+ ,r1(Bn)s 11y -+ 5 ), for 4 € S(R;). Similarly, S(Ry) can be generated by
(ra(By) -+ ,m2(B)s V1, -+ s 7g), for 75 € S(Ry). In this context, we denote (e) = [1,1, A],
ri((6i) = [m((8:)), L], (i) = [, L1, m2((6)) = [1,72((6})), 1], and (¥}) = [1,7},1].
So here, as S(R') = S(Ry) x S(R,) x S(Z/2Z]A1]), we can generate S(R') with

Tl(ﬁZ)?"' ,7’1(5n),’f'2(ﬁé),"' 7T2(ﬁ;n)7717"' 7F)/paﬁ)/1>"' 77{]76'

Let us now construct 7 : Ry [[ Ry — R R[] Z/2Z[A] as follows: (1) — (1), (B;) —
(ri((B;))) for 1 < i < n, @ = (r2((8]))) for 1 < i < n, and (A1) — (€). However, if

f1=—1in Ry, and B = —1 in R, for some j > 1, then we instead send (3}) — —(¢)

(since in this case, we would have @ = [1,-1] = —[-1,1] = —(B1)). Similarly, if

p1 = —1in Ry and f; = —1in R, for k > 1, then we instead send () — —(¢€). It can be
seen that this is an injection, since r; and ro are injections (in particular, we note r takes
forms such as (1, —3;) to (1, —r1((8;))) = [1 —71({5;)), 0, 0], which nicely corresponds to
the two dimensional form ({1, —3;)) in R;).

To show that r is well defined, we need to consider when any of the j3; or 3 are
—1 in their respective domains, since in this case, we have [—1,1] = —[1,—1]. If §; =

—lin Ry and B = —1in Ry for 4,5 > 1, we need to show that r((5;)) = —r((5}))

(since —[1,—1] = [~1,1]). Indeed, we see that 7((5;)) = [r1((~=1)),1,1] = [~1,1,1] =
—[1,-1,1] = —[1,7“(@), 1]. We note that we are away from the case of §; = —1 and
B; # —1in Ry for all j (similarly if 5; # —1 in Ry for all 4). If 8 = —1 in Ry and
B; = —1in Ry for j > 1, well definition comes for free by construction. If 8, = 3] = —1

in their respective rings, then we see that r(8,) = 7(/;). However, we note that in this

44



situation, Ry, Ry, and Z/27Z[A;] all have characteristic 2, and thus, r(5;) = —r(5;), so
indeed, we have 7(3,) = —r(f}).

We now inspect ann({1, —p15])). It easy to see that this is simply
ann({1,—p1) ® ann((1, —pB])), since anything in ann({1, —/3;) and ann({1, —f3;) are even
dimensional. Moreover, we see that ann((1,—f;5])) can be generated by the follow-
ing: [q,0] where ¢ € ann({1,—f;)) is an additive generator, and [0,¢'] where ¢ €
ann({1,—p1)) is an additive generator.

Now, we construct s : R — ann((1,—310])), as follows:

° <T1(ﬁi1"'ﬁik)>'—>0f0r1<i1<"'<’ik§n

o (1o gl...ggj))r—>0forl<i1<...<Z~j§m

<1’ Vi '7ic> = [31(<1’ i '%c>)’ O]

(ie. (i - vie) = [s1((Yiy -+ 70)), 0]) for 1<y <o <ie <p

(L, =, i)
= [0, s2((1, =, -+ 70)]

(e. (v, 7,0 = 0, s2(vdy -+, ))D) for 1<iy <+ <iig < g

(r1(Biy ==+ Biy )Vin + Vi)
= [511 o 'ﬁik51<7j1 o '7jc)> O] (: [511 o '6%7 1] ® [51(7j1 o '7jc)7 0])

forl<in<---<i;<nmand1<j; <---<j5.<p

(ra(B, -+ By - i)
= 0,85+ Bsa(afy ) (= (LB - B @ 0,520, -+ ,)])

for1<i1<---<ij§mand1§j1<-~<jd§q.
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Since s; and s9, we see that s is also onto.
By our construction of r and s, it is readily checked that the following sequence is

exact:

0— R/R-(1,-53) 5 R > ann({1,—B13;)) = 0

We have the corresponding lift [ : ann((1,—3,0])) — R’ defined as follows: for a genera-
tor of the form [g, 0], where ¢ is a generator of ann((1,—03)), we have [q, 0] — [l1(q), 0, 0]
(indeed, 11(q) is even dimensional), and given a generator of the form [0,¢'], we send
[0,¢'] = [0,12(¢"),0]. What is left is to show that this lift preserves the module action.
Let us take a generator [g, 0] of ann((1, —£1/3})), where ¢ is a generator of ann((1, —f1)).
We first show that 1((8;) ® [¢,0]) = 7((6:))l([g,0]), for i > 1, such that if 3, = —1 in Ry,

our f; # —1 in R;. Indeed, we have that

[({Bi) ® g, 0]) =1

<5Z>)> 17 1] ® [ll(Q)> 07 O]
=r((6:)) ®(lg,0])

Now, if {1 = —1in Ry and 5; = —1 in Ry, we see that

1((8:) @ g, 0]) = I([=1,1] - [¢, 0])
= ([ ¢, 0]

—l([g,0]
:[ ll(Q) 0]
_[ 1, - | ®[li(g),0,0]
<€>®l([q, 0])
=r({8;)) ® 1([q, 0])

Let us now show that 1({3!) @ [q,0]) = 7((6)){(]g,0]), for i > 1, such that if 3, =

)
)
0

in Ry, our 5 # —1 in Ry. To see this, we see
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1((B7) @ [q, 0]) = U([1, {B})] ® [¢,0])
= U([q, 0])
= [l1(g), 0, 0]
= [1(9),0,0) ® [1,m((5])), 1]
= r((6) ©1([g, 0])
Now, if f; = —1 in Ry and . = —1 in Ry, we see that
1((87) ® [q,0]) = U([1, —1] - [¢,0])
= U([g,0])
= [l1(q),0,0]

On the other hand, we have

1(B;) @ 1([g, 0]) = —(e) @ I([g, 0])
= _[17 1>A] ® [ll(Q)>070]

= [~1(q),0,0]
However, as R, is characteristic 2 (as we are taking the square root of —1), we have
l1(q) = —Ili(q) in Ry, and as such, we do indeed have I({3!) ® [q,0]) = 1(B;) ® I([g,0]).
Finally, we check 1({3,) ® [g,0]) = 7({81))I(]g,0]). To see this, we note that since

<17 _51> ® q= 07 then <61> ® q=4d.

=r({B1) @ U([q, 0])

Thus, we see that the module action is preserved on generators of the form [g, 0]. We

can similarly show this for generators of the form [0, ¢], and so, we are done. [ |

47



6.5 Settling an Edge Case

We now assume we are in the situation that we avoided above, where 5; = —1 and R, is

characteristic 2 (ie. 3 # —1 for all j).

Theorem 6.5.1. Let Ry and Ry be abstract Witt rings, and let 51 € S(Ry) and B €

S(Rg). Suppose b1 = —1 and Ry is of characteristic 2. Then

(R [[ RlV(-1.80)] = R [ R [ [ z/42.

Proof. As before, we have the following short exact sequences:
0— Ri/Ry-(1,—B1) = Ry = ann((1, =) — 0

0 — Ro/Ry- (1,—B)) 5 Ry % ann((1,—B})) — 0

with the corresponding lifts I; : ann((1, —f1)) — Ry and Iy : ann((1, —f;)) — Rz. With-
out loss of generality, we may assume the outputs of [; and [, are both even dimensional.
In fact, we can ensure that on the generators of ann((1,—0)), the output of I; would
be two dimensional (similarly for l5). In this case, however, we show that the quadratic
extension in respect to [—1, 3] is Ry [ R, [[ Z/4Z.

We now look at R' = Ry [[ Ry ][ Z/4Z, which is what we want to show to be the
quadratic extension of R. We notice that for .S (lfil) can be generated by
(ri(Ba) - ,r1(Bn)s 1, -+, Yp), for 7 € S(Ry). Similarly, S(]%Q) can be generated by
(ro(By) - -+, m2(B)s Y15+ 5 ), for 75 € S(Ry). In this context, we denote (¢) = [1,1, 1],
r((B) = (B, L1, (0 = b 1 1), ma((8)) = [1,ma((8), 1], and (1) = [1,,1].
So here, as S(R') = S(Ry) x S(R,) x S(Z/2Z]|A1]), we can generate S(R') with
r1(B2)s -1 (Bn) 2 (Ba), - s r2(Br) s Y Y Vi Vg €

Let us now construct 7 : Ry [[ Ry — R]] R'[]Z/AZ in the same way we did above,

as follows: (1) = (1), (B;) — (ri({B:))) for 1 < i < n, @ = (ra((87))) for 1 <i < m,

and (81) — (€). It can be seen that this is an injection, since r; and 75 are injections (in
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particular, we note r takes forms such as (1, —0;) to (1, —r1((3;))) = [1 — r1({5;)), 0, 0],
which nicely corresponds to the two dimensional form 7, ({1, —3;)) in R;). It is also worth
noting that in this case, (1) = [—1,1] = (—1), since Ry is characteristic 2, which maps

to (€) = [1,1, —1], which is also (—1) in R', as Ry and R, is characteristic 2.

The construction of s : R' — ann((1,—£10])) is also akin to the above, as follows:

(ri(Biy -+ Bi)y = 0for 1 <iy <---<ip,<n

(o Zﬁ-..ﬁéj))r—)()f0r1<i1<...<Z'j§7n

(L =iy Yie) = [0 (L, =iy -+ 2.)), 0] (e (i -+ i)

= s (o), 0) for 1<y <o < <p

<]-; _77{1 t 72d> — [07 82(<17 _77{1 e ’%d>)]

(e. (v, -+ 7i,) = [0, 52((v, - - )]) for 1<y <o+ <ig < g

(ri(Biy -+ Bi)vin -+ i)
= [5%1 o 'Biksl(’yjl o "ch)v O] (: [ﬂn o 'Bim 1] ® [31(7]'1 o "7jc)7 0])

forl<iy<---<i;<nand1<j <---<j.<p

(ra(B, -+ Bi)viy - Vi)
H [07 ’L{l o .62]52(7;1 o .f)/;d)] <: [17 1{1 o ./81{3] ® [07 S2<fy‘;1 T .f)/;d>j|>

forl<ip<---<ig;<mand1<j <---<jg<q.

Since s; and so, we see that s is also onto.
As before, by our construction of r and s, it is readily checked that the following

sequence is exact:

0— R/R-(1,-58)) > R > ann((1,-515;)) — 0.
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We have the corresponding lift I : ann((1, —£151)) — R’ defined as follows: for a genera-
tor of the form [g, 0], where ¢ is a generator of ann((1, —03;)), we have [q, 0] — [l1(q), 0, 0]
(indeed, 11(q) is even dimensional, and given a generator of the form [0,¢’], we send
[0,¢'] = [0,12(¢"),0]. The preservation of the module action can be shown in the exact

way as we did above. [ |

Remark 6.5.1. We note that in this case, R/R-(1, —[—1, «]) does not have characteristic
2, in which case, we would not be able to inject it into

R[] R 11 Z/2Z[A1], which does have characteristic 2.

6.6 The Case of 5; =1

So far, what we’ve been doing is taking the square root of [f;, 31], where both 3, 8] are
not squares in their respective ring. In this section, we discuss what taking the square
root of [1, 1] would yield (where 8] € S(Rz) is not 1).

In this section, we show that given R = R; [ ] Rs, if we take the square root of [1, 3],

we get Ry [[ R[] R, with R, being the quadratic extension of Ry with ;.

Theorem 6.6.1. Let Ry and Ry be abstract Witt rings, and let ] € S(R2) be not 1. Let

Ry be the quadratic extension of Ry by (). Let R = Ry [1Rs. Then

RVILA = R [[ 2] e

Proof. We note that we have the short exact sequence given by 0 — Ry/R, - (1, —f3]) 3
Ry 3 ann((1,—3,)) — 0. We also have a corresponding lift I : ann((1, —3})) — Ra. As
before, we assume the outputs of [y are even dimensional. In fact, we can ensure that on
the generators of ann({1, —f)), the output of Iy would be two dimensional.

First, let us look at R/R - (1, —[1, 1]) and ann((1, —[1,—/])). We note that we are

quotienting by the ideal generated [1,1] — [1,8;] = [0,1 — 31]. It can be readily checked
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that this is isomorphic to Ry [[(R2/Rs - (1,—p})) using the obvious isomorphism. We
can easily check that ann((1, —[1, 51])) = Ri [[ann({1,—p)).

With this, let us construct r : Ry [[(Ra/Rs - (1,—3]) — Ry [[Ri[] R2) by [a,b] —
la,a,m5(b)]. It is clear that r is injective, as ry is injective. We also construct s :
R [T R I]R: — Ry [Jann((1,—B)) with [a,d’,b] — [a—d’, s(b)]. From this, it is readily
checked that 0 — Ry [[(Ra/Ry - (1,—8})) = Ry [[Ri ] R: = Ry ann((1,—8;)) — 0
is an exact sequence.

Here, we have a corresponding lift I : Ry [Jann((1,—8])) — Ry ][ R1 ][ Re such that

la,b] — [a,0,1(b)]. What is left is to check the module action is preserved.

Take [a,b] € Ry ][ R2/Rs2 - (1,—p]) and [¢', V'] € Ry [Jann({1,—p1)). Let us show
that r([a,b]) @ [([a',V']) = (a,b] ® [, b']).
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Chapter 7

Future Directions

In this section, we discuss further work to bring this problem to completion, and other

work related to this problem.

7.1 Witt Rings of Local Type

There is a class of Witt rings that we have not yet discussed: Witt rings of local type.
These rings can be described by its quaternionic structure, where the pairing can be
represented as a skew-symmetric matrix. More intuitively, they can be realized as the

Witt ring a finite (possibly non-proper) extension of some p-adic field.

Definition 7.1.1. An finitely generated abstract Witt ring is of elementary type if
it can be constructed from Z, 7Z/AZ, 7./]27, and Witt rings of local type by taking fiber

products and group rings.

By extending our theory to Witt rings of local type, we would be able to find the
quadratic extension of any Witt ring of elementary type. It’s been conjectured that
every finitely generated abstract Witt ring is of elementary type, and as such, finding the

structure of quadratic extensions of abstract Witt rings of elementary type is of interest.
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7.2 Uniqueness of Quadratic Extension

It is worth noting that the way we defined the quadratic extension for an abstract Witt
ring does not say anything about uniqueness. In particular, we defined the quadratic
extension to be an abstract Witt ring that fits into a certain exact sequence, with a certain
module action being respected. But, given an abstract Witt ring R, and a € S(R), can
there be two (non-isomorphic) abstract Witt rings R; and R, along with corresponding

maps, such that we have exact sequences
0= R/R-(1,—a) B Ry & ann({1,-b)) — 0

0— R/R-{(1,—a) 2 Ry B ann({1,—b)) — 0

along with our desired module action being respected? If so, how are the two related?

7.3 Relation to Profinite Groups

As mentioned in the introduction, one of the motivations for abstracting the Witt ring
of quadratic field extensions is to further study the relation between Witt rings and their
corresponding profinite groups. In the field case, we can determine all possible structures
on profinite Galois group Gal(F,/F) from W (F'), where F, is the quadratic closure of F.
By starting off with an abstract Witt ring (ie. without a field), we can more abstractly

study the relation between Witt rings and profinite groups.
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